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WIENER-ITO CHAOS DECOMPOSITION

[0 Probabilistic Model:

o Input: (W;)ec(o,00), Brownian Motion, (noise);

o Output: F((Wo)eefo,oo1) B(F(Wohecio,eo) ) < 00

[0 Classical Wiener space:
W = ([0, 00) = {f: continuous func. on [0, 00), 0) = 0}.

(W, B(W),P*)

O Analysis on L2(W, B(W),PY).



WIENER-ITO CHAOS DECOMPOSITION

THEOREM ( WIENER-ITO CHAOS DECOMPOSITION )

L?(Go[0, 00), P™) = EBH"’
H, = spm{Hn(/ow h(S)AW(s) ), h € H, [1hll 2z, = 1},

/OO h(s)dW(s)
= n'/ / / (tr) - h(t)dWe, - - dWe,= [,(hO™).

H,(x) : Hermite Polynomials



HERMITE POLYNIMIALS

2
a2 d

o Hermite Polynomials, eigenfunctions of Aoy = {5 0

AoyHn(x) = —nHp(x).

Ho(x) = 1;

Hi(x) = x

Ho(x) = X —1;

Hi(x) = x*—3x
Hi(x) = x*—6x+3;
H5 (X)

= x> —10x% + 15x;

X2
o {H,} : orthonormal basis, L*(R, ﬁedex),

(Hn, Hm) o = nl6nm.



WIENER’S CHAOS DECOMPOSITION

O Wiener (1938): The Homogeneous Chaos

Chaos ~ Randomness, Singularity, Disorder ...

Homogeneous: monomials of some simply random variables

©

Generalized harmonic analysis

©

Singular signal processes: power spectral analysis

©

Generalized space-time Birkhoff ergodic theorem

More than normal distribution

©

o Stratonowich multiple integrals



CAMERON-MARTIN’S CHAOS DECOMPOSITION

O Cameron-Martin (1947): in the series of Fourier-Hermite...

o (G[0,1],PY), L3(Gol0,1],PY)

o {a,} orthonormal basis in L*(0,1), Hx» Hermite polynomial of degree m

B = Ho /0 ap(8)do(s))

o Not connect with Ité multiple integrals



IT0’s CHAOS DECOMPOSITION

O Ito (1951): Multiple Wiener Integrals

o System of normal random measures B

/ / t1) - o(tn)dB(t1) - -

([ w(S)dﬂ(S))

o lterated stochastic integrals

o Orthogonalizing Wiener's chaos polynomials

-dB(tn)



STROOCK’S FORMULAR

O Stroock (1987) : Homogeneous chaos revisited
STROOCK’S FORMULA

F e L(Gof0, 00), P™),

F:E[F]+iFP:E[F]+in(ﬁr)v Fp € Hp,

p=1 p=1

1
FeD™, f,= EE[D"H for all p<n.

D : Malliavin Derivative



GAUSSIAN HILBERT SPACE

O Probabilistic Model:
o Input: (W(0))gcz, Gaussian field (noise)
o Output: F((W(0))sez), EF? < cc.
O Closeness of linear operation and L?-convergence of Gaussian r.v.

o Input: zero-mean Gaussian r.v.: H = (W(h))nes,

$ : separable Hilbert space
H : closed subspace of zero-mean Gaussian r.v.s
H =89, E(W(h)W(h2)) = (h1, h2)s

(W(h))nes : isonormal Gaussian process over §)

o Gaussian-Hilbert space: (Q2,0(H),P)
o Analysis on L*(Q,0(H),P)



CHAOS DECOMPOSITION: (GAUSSIAN HILBERT SPACES

THEOREM (CHAOS DECOMPOSITION: GAUSSIAN HILBERT SPACE )
$) : seperable Hilbert space

H : closed subspace of zero-mean Gaussian r.v.s
H =9, E(W(hi)W(h2)) = (h1, h2)s

L*(Q,0(H),P) = ém

Ho = SpAT{Hn(W(H)), h € 5, |Allo = 1}
= span{/l,(f), fe H°"}




COMPLEX ISONORMAL (GAUSSIAN PROCESS

O Probabilistic Model:
o Input: (W(0) = W (0) +iW D (0))gez, WD (0), W (0) i.id. Gaussian

r.v. (noise)

o Output: FV((W(B)),.p) +iF? ((WB)),ey). EIF? < co.



COMPLEX MULTIPLE ITO-WIENER INTEGRALS

O It6 (1952): Complex Multiple Wiener Integrals
o System of complex normal random measures M

0 Hp,q(z,2): complex Hermite polynomial of degree (p, q), ||fll2 =1

[+ [ ) e -+ )

dM(ty) - - - dM(t,)dM(sy) - - - AM(sq)
:Hp,q( / f(s)dM(s), / f(s)d/\/l(s))

o Normal screw line: spectral structure of shift transformation T, ergodicity.




COMPLEX MULTIPLE ITO-WIENER INTEGRALS

©

Probabilistic model of cosmic microwave background radiation
Stochastic complex Ginzburg-Landau equation
Chandler wobble

Communication and signal processes

© 06 o ¢



CoMPLEX WIENER-ITO INTEGRAL W.R.T. COMPLEX BROWNIAN MOTION

Example:
Bl(t) + iBQ(t)

. Z: AR = L2(Q,F, P
W c(RT) — Lg( )

G =

hc(: u+ iv) — Z(h@) 0= /°° h@(t)dCt

_ % ({ /0 ~ u(9dBi(e) + /0 h v(t)dszu)]

+i {/Ooo v(t)d By (t) — /Ooo u(t)de(t)D

E[Z(he)] =0, E[Z(he)’]=0, E[Z(hc)I’] = llhclliz@+) -

Lo = [ Fltrsetoisne o 50) 0o Ay 0G -
+

fe L%(RT") is respectively symmetric w.r.t. p and q variables.



COMPLEX ISONORMAL (GAUSSIAN PROCESS

DEFINITION

) : separable Hilbert space
X, Y : i.i.d. real Gaussian isonormal process over $)

Xc, Ye :  complexicfation of X, Y

2 = KOO |

(Q,0(X,Y),P)

LE(Q,0(X, V), P)




COMPLEX HERMITE POLYNOMIAL, HERMITE-LAGUERRE-ITO POLYNOMIAL

GENERATING FUNCTION OF REAL HERMITE POLYNOMIAL

exp tx = —

ZH
o}
8—)(H,,(x) = nH,-1(x), V

* Hp—1(x) = Ha(x)
GENERATING FUNCTION OF COMPLEX HERMITE POLYNOMIAL

— 1
exp(—fi+2Z+tz) =)

——Hp q(2,2)Et7.
1 P;q\ <>
p,g=0 p-a:
1o} 8
—H H,_1 =H,
Bz Pa= =p 1,95 9z Hp,q = Hp,g—1, )




COMPLEX CHAOS DECOMPOSITION

THEOREM ( It6 1952 )

T, (Z) = span{_/m n(Z(h))v h € 9c, Hh”ﬁc}
LC(Q 0‘ X Y) P

DD o

n=0 m=0

DEFINITION ( Complex Wiener-I1t6 multiple integrals )

H /2micFmicmy I g Hmka"k(\/iz(ek))
I ,,(symm(@k_lek ) ® Symm(®k_19k ) =

vmn!Jy,

() 1 HE™ @ HE" = S




COMPLEX STROOCK’S FORMULA
O Chen, L. (2019)

THEOREM ( STROOCK’S FORMULA )

Every random variable F € L*(Q, 5(2), P) can be expressed by

F=3

p=0

NgE

Ip,a(fo,q)

Q
Il
o

where f, g € HP ® H°7 . If F€ D™2 (D™ then

E[D°DFA, Vp<m, qg<n.

£
Pg = ol q,

f(Z(wl)v R} Z(Som)), fG C?O(Cm)

DF = Z a,f(Z(Lpl), 5000 Z(L,Dm))tp,', DF = Z 5if(z(§01)7 ceey Z(me))@iv

i=1 i=1
where
0 1, 0f ., Of = 0 1, 0f
@f— af(Zl,...7zm) 2(87)(1_ 87)/1) ij— af(Zl,...7zm) =

are Wirtinger derivative.

205 oy,



CONNECTION BETWEEN REAL AND COMPLEX CHAOS DECOMPOSITION

THEOREM ( Chen & L. 17 )

Suppose that ¢ € 5’)([?'" ®5§8" and F= %, n(¢) = U+ 1V, There exist real
u, ve (H @9 such that

U=Zntn(u), V=Lnia(v),

where Z,(g) is the p-th real Wiener-It6 multiple integral of g with respect to
W. And if m # n then

E[UP) = EVZ],  E[UV] = (m+ n)u, V) sgysinen = O.




CONNECTION BETWEEN REAL AND COMPLEX CHAOS DECOMPOSITION

W: Gaussian Hilbert spaces over H $ §. “XpY”
Ha(W): n-th Chaos decomposition of W.

THEOREM ( Chen & L. 17 )

Ha W) = @D HOH(Y),

k+I=n

Ho(W) + i1 (W) = @ Has,
k+Il=n

o

L*(Q,0(2), P) =D (Ha(W) +iHa(W))

n=0

:é EB I, = ééjfm,n.

n=0 k+I=n m=0 n=0

Where Hn(W), Ha(X) and Ha(Y) are the n-th Wiener-It6 Chaos with respect
to W, X and Y respectively.




APPLICATION: 4TH-MOMENT THEOREM, CENTRAL LIMIT THEOREM

THEOREM ( NUALART-PECCATI CRITERION, 2005 )
For q>2, Fn = Iy(fy), f, € 9§29, n> 1. E(F2) — 1. The following 4
conditions are equivalent, as n — oo

(i) Fa HN (0,1);

(i) E(F,

)
)
(iii)
(iv)

n) — 3;

|EA ®rf||5j®2(q n—0, r=0,1-

ID(Fa)ll5 — q in L.




APPLICATION: 4TH-MOMENT THEOREM, CENTRAL LIMIT THEOREM

Does 4th Moment Theorem hold for complex Wiener-1t6 integrals?

THEOREM ( Chen & L. 17 )

Fi: (m, n)-th complex Wiener-1té multiple integrals, m+ n > 2, E[|F|*] — o
as k — oo.

(1) If m=# n, as k — oo, then
(i) (F) ¢ ~ CN(0,0%);

(i) E[|Fi*] — 20*.




APPLICATION: 4TH-MOMENT THEOREM, CENTRAL LIMIT THEOREM

THEOREM ( CONTINUED )
(2) If m=n, E[F}] = o*(a+ib), a,bER, a*> + b® < 1, then

(i) (ReFi, ImF) % N(0, % C), where C = [1 Z ) 1 E a}

-
(i) E[|F*] = (&% + b* +2)0*.
(3) Ifm=n, E[F}] — o*(a+ib), a,bER, a* + b* = 1, then
(i) (ReFy, ImFy) % N(0,%-C)

(i) E[|Fi*] — 30

(iii) E[F¢*] — 3(a+ib)%c™.




CONNECTION BETWEEN REAL AND COMPLEX CHAOS DECOMPOSITION

THEOREM ( Chen & L. 17 )

Suppose that ¢ € S’J(% ®@HE" and F = I n(p) = U+ iV, There exist real
u, ve (H@H such that

U:Z,,th(u), V: I,,,+,,(v),

where Z,(g) is the p-th real Wiener-It6 multiple integral of g with respect to
W. And if m # n then

E[U’] = E[V’], E[UM = (m+ n){u, V) gmyoimtn = 0.

O Problems:

o Existence result

o The representations of u, v depend on some redundant parameters



OUTLINE
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REPRESENTATION THEOREM

Clarify the relation between complex and real Wiener-1t6 integrals.
o Real = complex Wiener-It6 integrals.

o Essential differences between them.

THEOREM ( CHEN, CHEN AND L., 2024 )

Tpq(f), f€ ﬁg” ® ﬁgq, admits the unique representation

Zp,q(f) = Iptq(u) + ilptq(v),
where u,v € (5 ® 9)®PT) and I, 4(-) is real (p+ q)-th Wiener-It6 integral
w.r.t the real Gaussian process W over $) @ $) defined as

W(f, g) == X(f) + Y(g) for f,g € $.

Representation:
o recursion formula: algorithm

o Generalized Stroock’s formula: computable

Stochastic Process. Appl., 167: 104241



APPLICATION: ABSOLUTE CONTINUITY

F=(Fi,...,Fa), ;€ D"* ~p = ((DF, DF})5)) ) ey

detyr > 0, a.s. = Law(F) < Leb(RY).
THEOREM (CHEN ,CHEN AND L., 2024)
F=Toqy ® @i, @y ® -+ - @ Tf,) 1= F1 +iFa.

L Fi = lpyq(upa(k,j)),  F2 = lpyq(vpq(k,J)).
2. Law(Fi, F2) < Leb(R?) <= p#Aqorp=gqgand 31 < /< pst. k #j.
v

Stochastic Process. Appl., 167: 104241



APPLICATION: STOCHASTIC HEAT EQUATION WITH DISPERSION ON T¢

Stochastic heat equation with dispersion on T¢,
0Z o= (({+mA-1)Z ooi+& t>0, xe T,

where p > 0, £ is complex-valued space-time white noise.

A stationary solution is a distribution-valued process

Zocor =Y Tio (i) €7

kezd

where o o o
k() = 1(_oo g(s)e” (IHAm uMTHmt %) (=9 g e g



APPLICATION: REGULARITY OF STOCHASTIC HEAT EQUATION WITH DISPERSION ON
Td

PRrROPOSITION (CHEN, CHEN AND L., 2024)

For every p € [1,00),
stléngE |:||Z—oo,t| g(lfdm),} < o0,
and for every p € [1,00) and a € (0,1),
_E [||z,oo,t—Zfoo,sllg(l,d/z,a)f] e
s<l? |t_ s|ap/2 .

Here, C* for a € R is the Besov space.

Stochastic Process. Appl., 167: 104241



CoMPLEX GINZBURG-LANDAU EQUATION WITH COMPLEX SPACE-TIME WHITE NOISE
2
oN T

o= (i+pAu—vu* " u+Tu+€, t>0, xeT?
U(O,') = uo.

ou>0v,7T€C, Rev >0, m>1is an integer.

©

Dispersion term: iAu; dissipation term: uAu.

©

&: complex-valued space-time white noise with regularity (—2)~
m+1)

©

Quantum field theory: complex-valued <I>§< measure.

Hoshino, Inahama and Naganuma, 2017%; Hoshino, 20182:

©

Regularity structure (Hairer) + Paracontrolled distribution (Gubinelli)

= local and global well-posedness on T?.

LElectron. J. Probab., 22(104), 1-68
2Ann. Inst. Henri Poincaré Probab. Stat., 54(4), 1969-2001



Da PRATO-DEBUSSCHE METHOD (DA PRATO AND DEBUSSCHE, 2003')

3tZOt=((i+u)A—1)Zo,t+£, t> 07 X € TZ,

stochastic heat equ.
0,0 =0.

Owv=[(i+pA—-1v+¥(v,2), t>0,xeT>

Remainder term
v(0,) = up € CT2,
where

v (VtaZt)“ =7 —v , 2m(V1: + Z0,e) + (7 + 1) (ve + Zo,¢)

m+1 m
1 — m IITl
——VZZ(m+ )( ) Ve ZmH T (1 4 1) (ve + Zove).

i=0 j=0

0 u= v+ Zy, solves the equation

atu:[(1+M)A_1}u+\Ij(u_ZOyf?Z)+§a t>0a X€T27
u(0,-) = up € C™0.

1Ann. Probab., 31(4), 1000-1916



ERGODICITY OF u= v+ Zp,.

O Chen, Chen, L. (2024+)
1. Global well-posedness.

o Regularity of Zy,. and its Wick product.

o Remainder term v.

Fixed point argument = Local well-posedness
o = Global well-posedness
Priori estimate

2. Ergodicity

Existence of invariant measure <= Krylov-Bogoliubov Theorem
Uniquensee of invariant measure <= Generalized coupling



BERRY-ESSEEN BOUND FOR COMPLEX WIENER-ITO INTEGRAL

THEOREM ( CHEN, CHEN, L. (2024++))

Let p,q € N be such that | := p+ q > 2 and F = I, 4(f) with f€ H°P @ H°9.
Suppose that E[|F|’] = 02, E[F?] = a+ib and 0 > v/a® + b2. Let

2
N ~ N>(0, C), where C = 1 [" ;“a agb_a}. Then

a0 < 3,3~ () Y02 o117 - 2(61P) — I

r=1

<a(pgabo) | > IfRihlEeeein,
0<itj<!




BERRY-ESSEEN BOUND FOR COMPLEX WIENER-ITO INTEGRAL

THEOREM ( CONTINUED )
dw(F, N) > ai(a, b,o) max { [E[F]|, [E [FF]| E[|1A*] - 2 (E [1A*]))” - [E [F]]"}
Z<f®rp if,h) g cn

| \/

)

al(p,q,a, b, o) max{ =gl

A~

2
j g (R p—if, f)ﬁ‘g@p) ] Z 1f2ihll5e@i-i-» §
i=0 0<itj<I
where h is the reverse complex conjugate of f and
1 1
M =gl P4 Vat4 b2, A = 5[02 — Va2 + b?]

are the two eigenvalues of the matrix C.

O Chen H.P., 2024' Optimal Rate of Convergence for Vector-valued Wiener-It6
Integral

YALEA Lat. Am. J. Probab. Math. Stat. 21(1):179-214, 2024.
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RECURSIVE FORMULA

iz, = 2.

{nk =k +ini},.: complete and orthogonal in fic, |

{u1,0(k), vi,0(k)},>,: @ complete orthonormal basis of §) & ) defined as

uro(k) = %

Up.a(k,3), voa(k,j) € (5 ® 5P recursively defined by
uo,1(j) = u1,0(j), vo,1(j) = —v1,00),

Upq(k,j) = “p—l,q(k’j)@)ulﬁ(kp) - Vp—l,q(kvj)‘évl,o(kp)v
prq(kyj) = “pfl,q(k:j)‘évl,o(kp) + fol,q(k>j)®U1,0(kp)~

1
(e, —m%),  vio(k) = 7 (k) -



GENERALIZED STROOCK’S FORMULA

D and D: complex Malliavin derivative operators w.r.t. Z.
D = (D1, D3): real Malliavin derivative operator w.r.t. W.

LeEMMA (C.,CHEN AND Liu, 20241)

:D17iD2 5:D1+iD2

P=—0n P=—r

THEOREM (C.,CHEN AND Liu, 2024')

F=Tp4(f) = lpq(u) +ilpiq(v), fe€ fk(?p ®5’ng7

. 1 _pta = . S\ ®(p+a)
u+1v—(p+q)!2 > (D+D,i(D-D)) F.

Stochastic Process. Appl., 167: 104241



ANALYSIS: LEBESGUE MEASURE

LP(R", dx), LP(T",dx), p>1.

©

(Directional) Derivative: h € R"

fx+ eh) — f(x) '

€

Vinf(x) = ll_r)r(l)

o Gradient:
<Vf(x)’ h)]R" — Vhf(X)
o Integration by parts: fe C5°,8 = (g1, - ,8n) € C5°,
J90.g0mdx= = [ 193 PE)ax
k=1
d
o Divergence: V-g=3"_, af:



ANALYSIS: LEBESGUE MEASURE

o Laplacian: f,ge C5°

/ (VAX), Ve(x))mndx = — / f0)(V - Ve(x))dx,

Ag(x) =V -Vg(x) = 7(X)4
k=1~ k
Qo FOUrier transform:

o Taylor's formula:



ANALYSIS: (GAUSSIAN MEASURE

- dx,.

O Central Limit Theorem (CLT)
O Probabilistic Model:
o Input: & -+ &, ilid. M(0,1) (noise);
o OUtPUt: F(é-a e 75")' E(F2(§? e 75")) < 00.



ANALYSIS: (GAUSSIAN MEASURE

©

(Directional) Derivative: h € R"

f(x+ eh) — f(x) .

Vif(x) = lim
e—0 €
o Gradient:
(VAx), hygn = Vif(x).
o Integration by parts: fe C°,g = (g1, - ,8) € C°,

n

[190 g0son@0 = [ - (3o + 10l

k=1

o Divergence:
n

V= Z(—ai + X).-

X
=1 K



ANALYSIS: (GAUSSIAN MEASURE

o Ornstein-Uhlenbeck operator:

/ (VAX), V() ropa(dx) = / (V" - V() u(dx)

Aoy=-V"-V= Z an Z_: kaX — (x, V).
o OU processes (equ.): W= (W4,---, W,), d-Brownian Motion,
dXe = —Xedt + V2dW..

o OU semigroup:

e B = E(X)) = | fle x4+ V1= e y)u(dy).

RN



ANALYSIS: (GAUSSIAN MEASURE

o Hermite Polynomials, Eigenfunctions of Aoy

Ho(x) = 1;
Hi(x) = x
Hy(x) = X —1;
Hiy(x) = x*—3x
Hi(x) = Xt —6x% + 3;
Hs(x) = x> —10x + 15x;
AoyH, = —nH,.
{H,} : orthonormal basis LQ(R ie’%dx)
n . P 5 m 9

(Hny Hm) . = nl0nm.




ANALYSIS: WIENER SPACE

[0 Probabilistic Model:

o Input: (W;)eeqo,1], Brownian Motion, (noise);

o Output: F((Wo)eefon), B(F((Wa)iepo,) ) < oo

[0 Classical Wiener space:
W= (]0,1] = {f: continuous func. on [0, 1], (0) = 0}.

(W, B(W),P*)

O Analysis on L2(W, B(W),PY).



ANALYSIS: WIENER SPACE

O (Directional) Derivative:
o Tangent direction:

o Quasi-invariance, Cameron-Martin Theorem
o Cameron-Martin space

H = {h € Co[0,1], absolute continuous, h € L2[0,1]},
Il = llile = [ (o).

o Remark: PY(H) = 0.

o Malliavin Derivative, Gross-Sobolev Derivative: h € H

DpF(w) = lim Flw+¢h) = Fw)

e—0 €

L2(P"Y).
o For Example: fe S(R"), h€ H, Fw) = flwe,, -+ ,wy,)

Dy = 3 M)y

0x
k=1 Ls



ANALYSIS: WIENER SPACE

O Gradient Operator: random variable DF € H
E((DF, h)n) = E(DyF)

O Divergence operator §: adjoint operator of D w.r.t. P,
random variable £ € H

E(6¢ - F) = E((§, DF)n)
[0 OU operator: £ = —6D.



CHAOS DECOMPOSITION

THEOREM ( WIENER-ITO CHAOS DECOMPOSITION )

L*(G0,1],PY) =

EBH",
H, = span{H (/01 h(s)dW(s)),h AL 1}

ol [ ams)
_n'// /ht1

h(tn)d W,

AW, = 1,(h®")




CHAOS DECOMPOSITION

F e L*(Golo,1],P"),

p=1

F=E[F]+in:E[F]+ilp(ﬁ,), Fp € Hp,

1
= EE[D”F]. Stroock formula




CHAOS DECOMPOSITION

O Wiener (1938): The Homogeneous Chaos

Chaos ~ Randomness, Singularity, Disorder ...

monomials of some simply random variables

©

Generalized harmonic analysis

©

Singular signal processes: power spectral analysis

©

Generalized space-time Birkhoff ergodic theorem

More than normal distribution

©

o Stratonowich multiple integrals



CHAOS DECOMPOSITION

O Cameron-Martin (1947): in the series of Fourier-Hermite...

o (G[0,1],PY), L3(Gol0,1],PY)

o {a,} orthonormal basis in L*(0,1), Hx» Hermite polynomial of degree m

B = Ho /0 ap(8)do(s))

o Not connect with Ité multiple integrals



CHAOS DECOMPOSITION

O Ito (1951): Multiple Wiener Integrals

o System of normal random measures B

// t) - (ta)dB(tr) - dB(tn)
/

o Orthogonalizing Wiener's chaos polynomials

o lterated stochastic integrals



CHAOS DECOMPOSITION

O Segal (1956): Tensor Algebras over Hilbert Spaces
o A theory of integration over Hilbert spaces, Quantum Field Theory
o Harmonic analysis, Fourier-Plancherel transform
o Algebra of symmetric tensors 22, square integrable functions
o Finitely additive (cylindrical) measure
O Gross (1965): Abstract Wiener spaces



CHAOS DECOMPOSITION

O Stroock (1987) : Homogeneous chaos revisited
STROOCK FORMULA

F e L*(Go[0,1],P"),

F=E[Fl+) F=E[f+)_h(f), Fr€H,
p=1 p=1
1

FeD", f = EE[DPH forall p<n.




CHAOS DECOMPOSITION

DeHa( /0 h(s)dW(s))

dd'l"( /0 h(s)dW(s)) De / h(s)dW(s)

nH ( /0 " h(s)A(s) /0 ' h(9)é(s)ds.



CHAOS DECOMPOSITION



CHAOS DECOMPOSITION

O Clark-Ocone formular (1970,1984)

1
FeD"“?, F=EF) +/ E[D:F|F:|dB:.
0
O Hu-Meyer formular (1988):

multiple Stratonovich integrals v.s. multiple Wiener-It6 integral
[0 Wick product, Fock space




CHAOS DECOMPOSITION

dXt = h(t)Xtch XO = ]..

exp (/Ot h(s)dBs — !

2 /Ot”Q(s)ds) = 2 ;Hn( /O " h(s)dB, /0 "1(9)ds).

Picard’s iteration




GAUSSIAN HILBERT SPACE

O Probabilistic Model:
o Input: (W(0))gcz, Gaussian field (noise)
o Output: F((W(0))sez), EF? < cc.
O Closeness of linear operation and L?-convergence of Gaussian r.v.

o Input: zero-mean Gaussian r.v.: H = (W(h))nes,

$ : separable Hilbert space
H : closed subspace of zero-mean Gaussian r.v.s
H =89, E(W(h)W(h2)) = (h1, h2)s

(W(h))nes : isonormal Gaussian process over §)

o Gaussian-Hilbert space: (Q2,0(H),P)
o Analysis on L*(Q,0(H),P)



GAUSSIAN HILBERT SPACE

©

Janson (1997): Gaussian Hilbert spaces, Cambridge

Malliavin (1997): Stochastic Analysis, Springer

KEZ, Phog (1997): R7 AT 31, #H4 Bt
Sheffield (2007): Gaussian free fields for mathematicians, PTRF
Nualart (1995): Malliavin calculus and related topics, Springer
Hairer (2016): Advanced Stochastic Analysis.

Hu Yaozhong (2017): Annlysis on Gaussian Spaces, World Scientific

© ©6 0 o ¢

©



CHAOS DECOMPOSITION: (GAUSSIAN HILBERT SPACES

THEOREM (CHAOS DECOMPOSITION: GAUSSIAN HILBERT SPACE )
$) : seperable Hilbert space

H : closed subspace of zero-mean Gaussian r.v.s
H =9, E(W(hi)W(h2)) = (h1, h2)s

L*(Q,0(H),P) = ém

Ho = SpAT{Hn(W(H)), h € 5, |Allo = 1}
= span{/l,(f), fe H°"}




CHAOS DECOMPOSITION: (GAUSSIAN HILBERT SPACES

DERIVATIVE, GRADIENT
W(h) + eh,§)ss — W(h)

£ €9, DeW(h) = lim . =(h&s
DHa(W(h)) = ddZ”(W(h))h — nHy_1(W(h))h.
DIVERGENCE
[hlls =1, E(DH.(W(h)),&)s) = E(Ha(W(h)) W(E)).
66 = W().
o Remark 1: = [Hy(x)xu(dx), V*-1=x

o Remark 2: W(.f (§ h))yjh) is independent of W((&, h))gqh).



CoOMPLEX GAUSSIAN HILBERT SPACE, COMPLEX ISONORMAL GAUSSIAN PROCESS

O Probabilistic Model:
o Input: (W(0) = W (0) +iW D (0))gez, WD (0), W (0) i.id. Gaussian

r.v. (noise)

o Output: FV((W(B)),.p) +iF? ((WB)),ey). EIF? < co.



CoOMPLEX GAUSSIAN HILBERT SPACE, COMPLEX ISONORMAL GAUSSIAN PROCESS

DEFINITION

) : separable Hilbert space
X, Y : i.i.d. real Gaussian isonormal process over $)

Xc, Ye :  complexicfation of X, Y

2 = KOO |

(Q,0(X,Y),P)

LE(Q,0(X, V), P)




GAUSSIAN HILBERT SPACE, COMPLEX ISONORMAL (GAUSSIAN PROCESS

EXAMPLE
h=u+iv, u,ve Hn, Xc(h) = X(u) +iX(v)
1
Z(h) = E[X(U) - Y]+ \f[X( v) + Y(u)]
EXAMPLE
H = L%0,1], bh(t) = u(t) +iv(t)
X, Y i.i.d. Brownian motions
Z(h) = 7/ u+iv)d(X+1Y)

_ ({/ udX—l—/ vdy] —1—1[/01 VdX—/O1 udYD




COMPLEX MULTIPLE ITO-WIENER INTEGRALS

O It6 (1953): Complex Multiple Wiener Integrals
o System of complex normal random measures M

0 Hp,q(z,2): complex Hermite polynomial of degree (p, q), ||fll2 =1

[+ [ ) e -+ )

dM(ty) - - - dM(t,)dM(sy) - - - AM(sq)
:Hp,q( / f(s)dM(s), / f(s)d/\/l(s))

o Normal screw line: spectral structure of shift transformation T, ergodicity.




exp tx—— ZH
2H (X) = nHn—1(x), V" Hpo1(X)
Ox n = n—1(X), n—1

GENERATING FUNCTION OF REAL HERMITE POLYNOMIAL

= Ha(x)

GENERATING FUNCTION OF COMPLEX HERMITE POLYNOMIAL
o0
T V7249
exp (— tt+ tz+ tz) E MHp,q(z, )t
P,q=0
0
8_sz g = PHp-

19}
1,95 B_EHP q = Hp,q—1,




[0 Remark:

1 2
X~ p(dx) = —e 2dx
iy = —=
X+t~ v(dx) = Le_ et dx
CVor
dv &
@(x) = exp (tx— 5)

Z=X+1iY ~ p(dzdz) = 55 EXP (— zz)dzdz = 1 exp (— s +y2))dxdy

Z+t~v(dzdz) = 3 OXP (—(z—t)(z—1))dzdz

dv

d,u(z’é) =exp ( — tt+ zt + zt)




Hn.n(Z) = 5pan{Jmn(Z(h)), b € Hc, [[Bllsc}
L%(Q,O’(X, Y): P) = @@'}ﬁ"’"

n=0 m=0

«O>» «Fr «=>»

« =

DA



COMPLEX WIENER-ITO MULTIPLE INTEGRALS

DEFINITION

1
Jam 5= _—
’ 1:[ vV 2mktrem ny!

I n(symm(D21¢2™) @ symm(@52122 ™)) = VmnlIy, .

Jmkv"k(\/éz(ek))'

Imn(D) : HE™ @ HE" = Sy .




COMPLEX WIENER-ITO MULTIPLE INTEGRALS

O Chen, L. (2019)

x is a conformal local martingale and xo = 0 and A € C

y(A) = exp {j\x-l- Ax— A7 (x, %)}

)\"’A

(x, X)).

dy = y(Adx + A\dx)

y():l.

© o t tm4n t2
=33 I [T [ audt st
— = o Jo 0
where 0 < t1 < t2 <

n-combinations of {1,2

< tmin < t, Gt = x¢ of C¢ = X¢, and the sum is over all
m + n} such that G = X;




COMPLEX WIENER-ITO MULTIPLE INTEGRALS

t tm+n ty
Imn(xt, (X, X)¢) = m!n!Z/ / / dC,dCy, ---dCy, ..
0 0 0

When x is a complex Brownian motion, the right hand side of the above
equality is equal to the complex multiple Wiener-1t6 integral:

t t t
/ / G / dth 000 dXtdetm+1 00 dXtm+n'
0 JO 0




EIGENFUNCTIONS OF COMPLEX OU OPERATOR

O Chen, L. (2014) Kyoto J. Math.

1-D coMPLEX OU PROCESS

dZt = —O[tht+ V 20’2d<t.

a=ae’ =r+iQ, ¢ = Bi(t) +iBa(t)

[260] = [Cacesd 2int ] 60O ars vaom [351(0]
=20 2] e ve [155]




INVARIANT MEASURE, GENERATOR OF 1-D COMPLEX OU PROCESS

INVARIANT MEASURE

dp r

r(x2 )
= onoz P {_ 202 } dxdy.
GENERATOR

A=(—rx+ Qy) 88x

a5 9 8
+(—Qx—ry)a/+d (ﬁ-l—afyz)
0, 0 Q._0 40® 92
=~ | +i)eg; + (=i0)25 - 5]




[
AAT = A"A
0 A, =c%A— n(—

v, J =0 - x2)

-Asj = jAs

a(A) =

{—=(m+n)yr+i(m—n)Q, mn=0,1,2

3

DA



EIGENFUNCTION

THEOREM ( EIGENFUNCTION OF COMPLEX OU OPERATOR )

The eigenfunction associated with the eigenvalue —r(m + n) —i(m — n)Q of A

1S

270 (1A () 220 o, m >,
7" (=0 AM) () 122" m<on,

_ [0y, p),  m>n,

L Z7(=0)"mIL (122, p), m< n.
J (X ) — (_l)nn!(x+iy)m_nan_n()<2 +.y27p)7 m 2 n,
mn\% Y (=1)"ml(x— iy)" "L ™3 + 2, p), m< n,

J’"a"(z7 p) =

L

p= 2‘:2, Ly (z, p) is Laguerre Polynomial.




STROOCK’S FORMULAR

f(Z((pl)v' o 72(90'"))7 fe C?O((Cm)

DF:Zaif(Z(Lpl),...,Z(cpm))(p;, DF:Zéif(Z(Lpl),...,Z(me))@;,

i=1 i=1

where
Oif= —f(z zm), Oif= —f(z Zm) = m
J 82‘, 17 M) b J z 17 et b EARR R ]

are Wirtinger derivative.



STROOCK’S FORMULA

O Chen, L. (2019)

THEOREM ( STROOCK’S FORMULA )
Every random variable F € L*(Q, 0(2), P) can be expressed by
F= Z Z Ip.q(fo.q),
p=0 g=0
where f,, € H°P ® H© . If F€ D™? D" then

1 9
f,,,q:m]E[D"D Fl, Vp<m,q<n.




PRODUCT FORMULA

O Chen Y. (2017) Adv.Math (China)

THEOREM ( PRODUCT FORMULA)
fe 59?9, ge H°°® H%,

and bAc
b\ [c).,.
ab f)lcd ZZ < ) ( > <j> <J> I'j' Ia+c—i—j,b+d—i—j(f®i,j g)
i=0 j=0

fRijg
= > (fe,® - ®e08,0 08,0
Iyl =1

(8 6, Q  Be, Q8 ® - QE&),

by convention, f®o,0 g = f® g denotes the tensor product of f and g.




PRODUCT FORMULA

[0 Hoshino M., Inahama Y. and Naganuma N.,

Stochastic complex Ginzburg-Landau equation with space-time white noise.
Electron. J. Probab. 22, paper no. 104, 68 pp. (2017)

e f, g non-symmetric



Wick ProbucT

O Chen, L. (2019)

DEFINITION
For (m,n) > 0, 7m,» denotes the orthogonal projection of L?(2) onto %, n,
and < (., the orthogonal projection of L*(Q2) onto B[, @®)_, ;. For any

hi,..., hmyn € $, the Wick product : Z(h1) ... Z(hm)Z(hm+1) - . . Z(hmtn) : is
given by

2 Z(h1) ... Z(hm)Z(hmt1) - - - Z(hmtn) = 7r,,,,,,(Z(h1) oo Z(hm)Z(hms1) - . . Z(hms
Define the general Wick product by

§on = Tmipnta(éN);

if £ € Hm,n and n € 4, and extend o by bilinearity to a binary operator on
the finite order chaos space P(9) = >.>° _ Hm n.

m,n=0

O Janson (1997), Feynman diagram




Hu-MEYER FORMULA

O Chen, L. (2019)

DEFINITION

Take a complete orthonormal system {e:} in $. Let f€ H°° ® H®9 and
consider the following random variable:

Sp.a(f)
= Y ) (f(en®...8e,) @ (8, ®...88,)) Zey) ... Ze,)

[T A |
Z(e,l) 000 Z(e,q).
If the limit in probability of S; ,(f) exists as n — oo, one calls fis Stratonovich

integrable. The limit is called the multiple Stratonovich integral of fand is
denoted by S, 4(f).




Hu-MEYER FORMULA

DEFINITION
Suppose that 0 < k < p A g. Denote that

TI‘k’nf: Z <f; (e,-1®...®e,-k®...®e,-p) (2] (éi1®'"®éik®éip+1®'"®éip{-q—k)>

i1yenipt g k=1

X (e,-k+1®. o .®e,—,,) [29] (éip+1®~ o '®éfp+q—k)'

If Trk’"fconverges in HPP=H g §OW@=k a5 n s 0, then one says that f has a
trace of order k and the limit is denoted by Trf.




Hu-MEYER FORMULA

THEOREM ( HU-MEYER FORMULA)

Suppose f€ H°P @ H9. If the traces of order k of f exist for all k < (p A q),

then f is Stratonovich integrable and

& (P (a ,
Spa(f) = kz:; K! <k> (k) lp—k, qfk(Trkf)v (1)

PAqG p
Ip,q(f) = kz:;(_l)kk! <k> (

q
k) Sp—k, q*k(Trkf)' (2)




CONNECTION BETWEEN REAL AND COMPLEX CHOAS

THEOREM ( Chen & L. 17 )

Suppose that ¢ € 3’)(%3"' ® H2" and F = Fp.n(p) = U+1V, There exist real
u, vE (H®H) such that

U=TZnin(u), V=Tnin(v),

where Z,,(g) is the p-th real Wiener-Ité multiple integral of g with respect to
W. And if m # n then

E[U) = EIVA], UM = (m+ n)!{u, V) pegyecoin = O.




CONNECTION BETWEEN REAL AND COMPLEX CHOAS

W: Gaussian Hilbert spaces over H $ §. “XPpY”
Hn(W): n-th Chaos decomposition of W.

THEOREM ( Chen & L. 17 )

Ha(W) = €D H(X)H(Y),

k+I=n

Ho(W) + iH (W) = €D A,

k+I=n
L2(Q,0(2), P) = P (Ha(W) + iHa(W))
= @ @ ) = EB@%",,”.
n=0 k+I=n m=0 n=0

Where H (W), Ha(X) and H,(Y) are the n-th Wiener-It6 Chaos with respect
to W, X and Y respectively.




APPLICATION: 4TH-MOMENT THEOREM, CENTRAL LIMIT THEOREM

THEOREM ( NUALART-PECCATI CRITERION, 2005 )
For q>2, Fn = Iy(fy), f, € 9§29, n> 1. E(F2) — 1. The following 4
conditions are equivalent, as n — oo

(i) Fa HN (0,1);

(i) E(F,

)
)
(iii)
(iv)

n) — 3;

|EA ®rf||5j®2(q n—0, r=0,1-

ID(Fa)ll5 — q in L.




APPLICATION: 4TH-MOMENT THEOREM, CENTRAL LIMIT THEOREM

Does 4th Moment Theorem hold for complex Wiener-1t6 integrals?

THEOREM ( Chen & L. 17 )

Fi: (m, n)-th complex Wiener-1té multiple integrals, m+ n > 2, E[|F|*] — o
as k — oo.

(1) If m=# n, as k — oo, then
(i) (F) ¢ ~ CN(0,0%);

(i) E[|Fi*] — 20*.




THEOREM ( CONTINUED )
(2) Ifm=n, E[F}] — o*(a+ib), a,bER, a> + b* < 1, then

(i) (ReFi, ImFy) % N(0, % C), where C = [1 Z ) 1 f a]

=
(i) E[|Fu|*] — (&% + B> + 2)o.
(3) Ifm=n, E[F}] — o*(a+ib), a,bER, a*> + b* = 1, then
(i) (ReFi, ImFy) % N(0, %C)

(i) E[|Fi*] — 30*

(iii) E[F¢*] — 3(a+ib)%c™.




CLARK-OCONE FORMULA

O Chen, L. (2019)

THEOREM ( CLARK-OCONE FORMULA)

Suppose that {Z:,t > 0} is a complex one-dimensional Brownian motion. If
F e D2 N\D"?, then

F=E[f+ /O " E(DAF)AZ: + /O ~ E(DAF)AZ, 3)

where the integral is a divergence integral.




CoMPLEX OU OPERATORS AND THE HYPERCONTRACTIVITY OF COMPLEX OU
SEMIGROUP

DEFINITION (CHEN, L. 2019)

Complex Ornstein-Uhlenbeck operators are defined as

L = 4D, L =4D.

ProposITION ( CHEN, L. 2019 )

Suppose that I .(f) is the complex Wiener-Ité integral of f with respect to Z
for f€ HO™ @ H©". Then one has that

L(mn(f) = mlma(f),  Lmn(f)) = nln,n(f). (4)

v




CoMPLEX OU OPERATORS AND THE HYPERCONTRACTIVITY OF COMPLEX OU
SEMIGROUP

DEFINITION

Fixa 6 € (=%, §). The OU semigroup is the one-parameter semigroup
{T:: t >0} of contraction operators on L*(Q, c(Z), P) defined by

Tt(F) _ Z ef[(mJﬁn) cos 0+i(m—n) sin e]tlm,n(fm,n)7
m,n=0

where Fis given by F=3"% 3% ‘I, 1(fm,n) With fon € HO7 @ HO".
It is clear that the infinitesimal generator of the semigroup { T;} is given by

Ly = —(e°L + L.




CoMPLEX OU OPERATORS AND THE HYPERCONTRACTIVITY OF COMPLEX OU
SEMIGROUP

PROPOSITION ( MEHLER SEMIGROUP (CHEN Y. 2015) )

Let r=¢€° and Z = {Z'(h) : h € H} be an independent copy of Z. Then, for
any F € L*(Q),

T(F)(Z2) =Bz [Fle "Z+ /1 — e-2tcos07)], t>0.

PROPOSITION ( HYPERCONTRACTIVITY (CHEN Y. 2015))
For the fixed t > 0 and p > 1, set q(t) = €*°*%(p— 1) + 1. Then

I TeFllge < IFI,  VFe LP(Q).




EXPANSIONS OF THE FOURTH MOMENT OF A MULTIPLE WIENER-ITO INTEGRAL

ProrosITION ( (CHEN, L. (2019)) )
Suppose that F = I »(f) with f€ H°™ ® H®", then one has that

1 _ _
E[|F*] = ;E[Q IDF|Z x |FI> + (DF, DF)5, x F?].

ProposITION ( (CHEN, L. (2019)) )

Cl(myn)( > @i Allzece-mn + Y ||f®i,jf||32~j®<2(/'—r>))

0<itj<! 0<itj<l

<E[|A" - 2B F2)* - 8P
§C2(ma”)( Z ||f®,-,jh||ﬁ®(2<,,,>)+ Z ||f®iafﬂ|2®(2</'—r>))

0<it+j<I o0<itj<l




EXPANSIONS OF THE FOURTH MOMENT OF A MULTIPLE WIENER-ITO INTEGRAL

QUESTION

Var(| Dl o(Al15) + Var(|| Dl o (A]5) + Var((Dlm, (), Dlmn(f)s)
< c(m, n) (E[|A*] - 2(B0A7)° - |E1F]|*)

<7777

REMARK: NOURDIN, PEccATI 2012
For Real multiple Wiener-Ité integrals, G € Zu(}), g > 2,

Var(2[D613,) < T (E16Y - 3EIE) < (a - DVar (L [DG,).




O Limit Theorem
Major P. (1981,2014) : Multiple Wiener-It6 Integrals. Lecture Notes in
Mathematics. 849, Springer



COMPLEX ISOTROPIC (GAUSSIAN RANDOM FIELDS

O Chen, L. (2020) Complex isotropic Gaussian random fields on S*
o Bourgain (1994)

iU 4+ o+ UuP2 =0, u(x,0) = p(x).

Paw(x) =a+ Z Meﬁﬂjx, aeC,gjiid. complex Gaussian
JEL;jF#0 J
o Stochastic complex Ginzburg-Landau equation

o Cosmic Microwave Background (CMB) radiation



COMPLEX ISOTROPIC (GAUSSIAN RANDOM FIELDS

{Ak, k € Z} such that A\ > 0 and

io: Ak < 00.

k=—o00

Let ax ~ CN(0, Ax) independent complex centered Gaussian r.v. system.

o0
= > ae, 0eS.

k=—o0

Cov(T(0), T(6")) = E[T(0) Z e @ g g e S

k=—o00



COMPLEX ISOTROPIC (GAUSSIAN RANDOM FIELDS

O Model: F: a complex-valued function, subordinated field F(T):

FITI(0) := F(T(9)), 6€S.

. 1 —i0k
a(F) = %/0 F(T(0))e "do.
[0 Problem: establish sufficient conditions for the following CLT to hold: as
k — 00,
__ah — “CN(0,1). (5)
E[|a(F)|*]

[J working ...



Thanks

=] F = = £ DA



Thanks

=] F = = £ DA



A PRODUCT FORMULA OF REAL MULTIPLE INTEGRALS

W: Gaussian Hilbert spaces over $) @ §).
Hn(W): n-th Chaos decomposition of W.

THEOREM ( Chen & L. 15 )
1

Suppose that HfH% + Hng3 =1,

S

Hh(X(H + V(&) = ()nfn gl H ()ﬁ(ﬂ?)H (]ﬁ”
0

=

Hi(X(f))Hn—1(Y(8)) = > M, Hn((cos 0 X(f) + sin 0, ¥(g)).
k

Ha(W) = D Hu(X)H(Y).

k+I=n




CONNECTION BETWEEN REAL AND COMPLEX CHAOS

THEOREM ( Chen & L. 17 )
Suppose that |13 + g3 = 1, [, + 11212 =1.
Ha(X(H + Y(g)) + iHa(X(H + Y(3))
= kz; di(Jen—k(Z(H)) + iJkn—(Z(H))),

where h = V2€° (f— ig), b = V26 (f - ig),

dy = % H;k(_l)s 2 (7) (:) (n ; I> (cos 0)'(1 . Siné)"_’.




CONNECTION BETWEEN REAL AND COMPLEX CHAOS

THEOREM ( CONTINUED )
Suppose that $c 3 b with [|bl, . = V2,

Jin—k( Zc, L(X(F) + (&),

fi+igi = %eie"ﬁ, and

Z MJ, 1. = k Z < ) < k) (_l)nfkfs.
r4-s=j
HE(VV) = Ha(W) +iH.(W) = EB Hi/(2) = HE .

k+I=n




A PRODUCT FORMULA OF REAL MULTIPLE INTEGRALS

THEOREM ( Chen & L. 17 )

Suppose that ¢ € 3’)(%3"' ® H2" and F = Fp.n(p) = U+1V, There exist real
u, vE (H®H) such that

U=TZnin(u), V=Tnin(v),

where Z,,(g) is the p-th real Wiener-Ité multiple integral of g with respect to
W. And if m # n then

E[U) = EIVA], UM = (m+ n)!{u, V) pegyecoin = O.




HERMITE-LAGUERRE-ITO POLYNOMIAL

REMARK

If p=1, Jn.n(z,1) is called the Hermite polynomials of complex variables by K.
It6. We name Jm n(z, p) the Hermite-Laguerre-It6 Polynomials.

The first few Hermite-Laguerre-1t6 polynomials are

Jm,o = Zm7 JO,n = 2”,

ha =12 —p, o =22 ~2p), Js1=2(l2"-3p),...

Jr2 =22 = 2p), S = 2" —4p|d® + 207, Jsz2 =z(2* —6p|7* +6p%),. ..

u}
L)
I
i
it




Ismail, Simeonov. (2014) Proceedings of the AMS
Ismail. (2015) Transactions of the AMS

«Or «Fr o«

DA




PROOF: 2 APPROACHES

O Key point: A;J = JAs, common eigenfunctions. Solving Sk

= Zﬁka( X, §)Hi—«(y, §)

[0 Complex creation and annihilation operator
00D = ~ 00 + 290, (0" 9)(a) = —5L6(2) + Zo(a).

Joo(zp) = 1
Imn(z,p) = p"(O")T(07)"1.




APPLICATION: FLUCTUATION THEOREM OF C-OU
O Chen, Ge, Xiong, Xu (2016), J. Math.Phys.

dZ, = —€?Z,dt + V2 cos 0d(:
ENTROPY PRODUCTION RATE

1. dPp,
e5(8)(w) =  log %
[0,

w) — €p, a.s.
GALLAVOTTI-COHEN SYMMETRY

Rate function of LDP for e,(t)(w):

I(z2) =I(—2) — z
P(ep(fi(w) _ p)

~ exp(tep).
p(=0& — o)




REMARK
Dissipative PDEs with Kicked Noise

Jaksic, Nersesyan, Pillet, Shirikyan (2015) CPAM
Jaksic, Nersesyan, Pillet, Shirikyan (2015) CMP




PROOF

PROPOSITION ( Chen & L. 14, Relation between real and complex
Hermite polynomials )

z= x+1iy. Then

Imim(2) = k:io D DR (Y G
Hi(x)Hi—«(y) =

) (=D H() Himi(y),
P _ <
U Z:O Zr+s:m (I:) (Isk) (_1) ""a’—""(z)'
Thus, {Jki(z) : k+ 1= n} and {Hk(x)H/(y) : k+ | = n} generate the same
linear subspace of L%(C,v).

-
i

Jm,n(Z, p) = J,,’m(Z, p)
E’/[J""a"(z7 p)2] =

E’/[J"'v"(za p)J”,m(Zv p)] = 0, Ifm 7é n.




PROOF

k=0 k=0
n
Ny

k=0

! !
Imi-m(2) =Y akHk () Hi-k(y) +1 ) biHk(x) Hi—k()

> akHk () Ho-k(y) £ Halx+)

< ) (cos 0)*(sin )" *Hi(x) Hn—k(y) = Hn(xcos 0 + ysin 6)




k=0

k=0

I I
Imyi—m(2) = Z akHi(x cos Ok + ysin Ox) + iz biHi(xcos Ok + ysin 6y)

X, Y iid. ~N(0,1) = Xcosf + Ysinf ~ N(0,1)

«O>» «Fr «=>»

« =

DA
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